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Abstract
We calculate the Poincaré series (also called growth series) of the central extension of the elliptic
Weyl group of type A(1,1)1 with generators wi , w
∗
i
(i = 0,1), which is a central extension of the Weyl
group associated to the elliptic root system of type A(1,1)1 .
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1. Introduction
Elliptic Weyl groups are the Weyl groups associated to the elliptic root systems [1],
which are stemmed from the elliptic singularities and are defined by the symmetric bilinear
form with 2-dimensional radical and can be seen as an extension of affine root systems with
1-dimensional radical. Let W be the elliptic Weyl group of the elliptic root system of type
A
(1,1)
1 and W˜ be the central extension of W (cf. [1–3]), then we calculate the PoincaréE-mail address: takeba@shimizu.info.waseda.ac.jp.
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214 T. Takebayashi / Journal of Algebra 286 (2005) 213–232series W˜ (q). In general, the Poincaré series (also called growth series) W(q) of a group W
with respect to a generator system is defined by
W(q) =
∑
w∈W
ql(w),
where q is an indeterminate and l(w) is the length of a minimal expression of an element
w ∈ W in terms of the given generator system. If W is one of the finite or affine Weyl
groups, it is known that
∑
w∈W
ql(w) =

n∏
i=1
1 − qmi+1
1 − q , W finite,
1
(1 − q)n
n∏
i=1
1 − qmi+1
1 − qmi , W affine,
where n is the rank and m1, . . . ,mn are the exponents of W [4]. In the cases of the finite
and affine Weyl groups, the Poincaré series have some geometric interpretations such as the
generating function of dimensions of the Schubert cells in the corresponding flag variety. In
the cases of the elliptic Weyl group and its central extension, the geometric interpretations
have not been given yet, but the generator system of their groups is associated to a good
Coxeter transformation studied in [1]. In the case of the elliptic Weyl group W of type
A
(1,1)
1 , the result has already given by Wakimoto [5], and in the case of type A
(1,1)
2 , by the
author [6]. In this paper, to calculate the Poincaré series, we divide W˜ into several parts
and calculate for each part by using the computer. Different from the cases of the elliptic
Weyl group W of type A(1,1)1 and A
(1,1)
2 , in the case of the central extension W˜ of type
A
(1,1)
1 , the result is not so simple.
2. The elliptic Weyl group W and its central extension W˜ of type A(1,1)1
Let us recall the elliptic Weyl group W of A(1,1)1 and its central extension W˜ [1,2], they
are described by generators and relations as follows [3]:
W : generators: wi, w∗i (i = 0,1),
relations: w2i = w∗2i = 1 (i = 0,1), w0w∗0w1w∗1 = 1,
W˜ : generators: wi, w∗i (i = 0,1),
relations: w2i = w∗2i = 1 (i = 0,1),
w0w
∗
0w1w
∗
1 = w∗0w1w∗1w0 = w1w∗1w0w∗0 = w∗1w0w∗0w1.We put γ := w0w∗0w1w∗1 , T := w1w0, and R := w∗1w1, then W˜ has another presentation.
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relations: w21 = 1, T w1 = w1T −1, Rw1 = w1R−1, RT = γ 2T R, and
γ is central.
By using the relations of the generators of W˜ , all elements of W˜ are uniquely expressed
by W˜ = {γ pT nRm,γ pT nRmw1: p,n,m ∈ Z}. Setting a := w1, a∗ := w∗1, b := w0, and
b∗ := w∗0 , we introduce a new notation. For a positive integer k,
[A,B](2k) := ABAB · · ·B︸ ︷︷ ︸
2k
, [A,A](2k − 1) := ABAB · · ·A︸ ︷︷ ︸
2k−1
,
where A = B ∈ {a, b}, or A = B ∈ {a∗, b∗}, and A,B are alternately multiplied. By the
property of γ , i.e., γ = aa∗bb∗ = a∗bb∗a = bb∗aa∗ = b∗aa∗b and γ is central, one can
consider γ as the operator which acts as
γ :
{
AB∗ → A∗B,
A∗A → BB∗,
{
A → A∗BB∗,
A∗ → BB∗A, for A = B ∈ {a, b}. (2.1.1)
For later calculations, we prepare some lemmas.
Lemma 2.1. For a positive integer k, and A = B ∈ {a, b},
(i) γ 2kA∗[A,B](2k) = [B,A](2k)A∗,
(ii) γ 2k−1A∗[A,A](2k − 1) = [B,B](2k − 1)B∗,
(iii) γ 2k−1[A∗,A∗](2k − 1)A = B[B∗,B∗](2k − 1),
(iv) γ 2k[A∗,B∗](2k)B = B[B∗,A∗](2k),
(v) γ 2k−1A[B∗,B∗](2k − 1) = [A∗,A∗](2k − 1)B,
(vi) γ 2k[A,B](2k)A∗ = A∗[B,A](2k).
Proof. (i) We prove by induction on k.
γ 2k+2A∗[A,B](2k + 2) = γ 2k+2A∗AB[A,B](2k)
= γ 2kBAA∗[A,B](2k)
= BA[B,A](2k)A∗ (by the induction hypothesis)
= [B,A](2k + 2)A∗,
the other cases are similarly shown. 
Lemma 2.2. For positive integers n, k, and A = B ∈ {a, b},
(i) γ (2n−1)(2k−1)[A∗,A∗](2n − 1)[A,A](2k − 1) = [B,B](2k − 1)[B∗,B∗](2n − 1),
(ii) γ (2n−1)2k[A∗,A∗](2n − 1)[A,B](2k) = [B,A](2k)[A∗,A∗](2n − 1),
(iii) γ 2n(2k−1)[A∗,B∗](2n)[B,B](2k − 1) = [B,B](2k − 1)[B∗,A∗](2n),
(iv) γ 2n(2k)[A∗,B∗](2n)[B,A](2k) = [B,A](2k)[A∗,B∗](2n).
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γ (2n+1)(2k−1)
[
A∗,A∗
]
(2n + 1)[A,A](2k − 1)
= γ 2(2k−1)γ (2n−1)(2k−1)A∗B∗[A∗,A∗](2n − 1)[A,A](2k − 1)
= γ 2(2k−1)A∗B∗[B,B](2k − 1)[B∗,B∗](2n − 1) (by the induction hypothesis)
= γ 2k−1A∗[A,A](2k − 1)A∗[B∗,B∗](2n − 1) (by Lemma 2.1(ii))
= [B,B](2k − 1)B∗A∗[B∗,B∗](2n − 1) (by Lemma 2.1(ii))
= [B,B](2k − 1)[B∗,B∗](2n + 1),
γ (2n−1)(2k+1)
[
A∗,A∗
]
(2n − 1)[A,A](2k + 1)
= γ 2(2n−1)γ (2n−1)(2k−1)[A∗,A∗](2n − 1)[A,A](2k − 1)BA
= γ 2(2n−1)[B,B](2k − 1)[B∗,B∗](2n − 1)BA (by the induction hypothesis)
= γ 2n−1[B,B](2k − 1)A[A∗,A∗](2n − 1)A (by Lemma 2.1(iii))
= [B,B](2k − 1)AB[B∗,B∗](2n − 1) (by Lemma 2.1(iii))
= [B,B](2k + 1)[B∗,B∗](2n − 1),
so (i) is proved. (ii)–(iv) are similarly proved. 
Lemma 2.3. For positive integers n, k, and A = B ∈ {a, b},
(i) γ (2n−1)(2k−1)[A,A](2n − 1)[B∗,B∗](2k − 1) = [A∗,A∗](2k − 1)[B,B](2n − 1),
(ii) γ (2n−1)2k[A,A](2n − 1)[B∗,A∗](2k) = [A∗,B∗](2k)[A,A](2n − 1),
(iii) γ 2n(2k−1)[A,B](2n)[A∗,A∗](2k − 1) = [A∗,A∗](2k − 1)[B,A](2n),
(iv) γ 2n(2k)[A,B](2n)[A∗,B∗](2k) = [A∗,B∗](2k)[A,B](2n).
Proof. They are easily proved by using the relation γAB∗ = A∗B (or γBA∗ = B∗A). 
Lemma 2.4. γ 2nAA∗(AB)n = (AB)nAA∗, γ 2nA∗A(BA)n = (BA)nA∗A.
Proof. They are easily proved by induction on n. 
Lemma 2.5.
γ
1
2 n(n+1)(a∗a)n = [b,X](n)[X∗, b∗](n), where X = {a, n even,
b, n odd.
Proof.
γ 1+2+···+n
(
a∗a
)n = γ 1+2+···+(n−1)(bb∗)n( )= γ 1+2+···+(n−1)b b∗b n−1b∗
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...
= [b,X](n)[X∗, b∗](n). 
From the above proof, we see that l(γ j (a∗a)n) = 2n, for 0  j  12n(n + 1). In the
sequel, we use the notation that for each length l, l ⇒ i means {l} = i (which is the
number of the elements of the length l).
Lemma 2.6. For positive integers, n 1, k  2, by multiplying γ p (p  1) to (ab)n(a∗a)k ,
the length of γ p(ab)n(a∗a)k decreases as follows: 2k + 2n − 2i ⇒ i + 1, for 1  i 
min{2n, k} − 1.
(If we also consider the case of p = 0, then we have 2k + 2n − 2i + 2 ⇒ i for 1 i 
min{2n, k}.)
Proof. By the action γ aba∗a = ab∗, multiplying γ p to (ab)n(a∗a)k the length of the el-
ement decreases, and from Lemma 2.5, which happens in the case of γ 12 i(i+1)(ab)n(a∗a)k
and
γ
1
2 i(i+1)(ab)n
(
a∗a
)k
=

(ab)n− i+12 ab∗
(
a∗b∗
) i+1
2 −1(a∗a)k−i , i odd, n − i + 1
2
 0, k − i  1,
(ab)n− i2
(
a∗b∗
) i
2 (a∗a)k−i , i even, n − i
2
 0, k − i  1.
(2.6.1)
When i is odd, further multiplying γ p(1 p  i), the element (2.6.1) becomes
γ p(ab)n−
i−1
2 ab∗
(
a∗b∗
) i+1
2 −1(a∗a)k−i
= (ab)n− i+12 a∗[b∗,B∗](p − 1)A[B∗, b∗](i − p)(a∗a)k−i , (2.6.2)
where A = B ∈ {a, b}, and its length is 2n+2k−2i. When p = i +1, the length of (2.6.2)
decreases and becomes
(ab)n−
i+1
2
(
a∗b∗
) i+1
2
(
a∗a
)k−i−1
.
Similarly, when i is even, multiplying γ p(1 p  i), (2.6.1) becomes
γ p(ab)n−
i
2
(
a∗b∗
) i
2
(
a∗a
)k−i
i [ ] [ ] ( )= (ab)n− 2 −1a b∗,A∗ (p − 1)B A∗, b∗ (i − p) a∗a k−i , (2.6.3)
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(ab)n−
i
2 −1ab∗
(
a∗b∗
) i
2 +1(a∗a)k−i−1.
Iterating these procedures (min{2n, k} − 1) times, we obtain the result. 
Since W˜ = {γ pT nRk, γ pT nRka: p,n, k ∈ Z}, noting the fact l(γ−pT nRk) =
l((γ−pT nRk)−1) = l(γ pR−kT −n), and l(γ−pT nRka) = l((γ−pT nRka)−1) =
l(aγ pR−kT −n) = l(γ pRkT na), we set
M ′ := {γ p{T nRk,T nR−k, T −nRk,T −nR−k,RkT n,R−kT n,RkT −n,R−kT −n,
2 × T n,2 × T −n,2 × Rn,2 × R−n,2 × id: n 1, k  1}: p  0},
M ′′ := {T nRk,T nR−k, T −nRk,T −nR−k, T n, T −n,Rn,R−n, id: n 1, k  1},
and M := M ′ − M ′′. Then we have∑
w∈W˜
ql(w) =
∑
w∈M
ql(w) +
∑
w∈M·a
ql(w).
We investigate the length of w ∈ W˜ , and the number of the elements with the same length
by multiplying γ p (p  0) to the elements of M ′ and M ′ · a, i.e., to T nRk,T nRka, . . . .
Lemma 2.7. Let w = A · · · · · ·ba︸ ︷︷ ︸
n
a∗b∗ · · · · · ·B∗︸ ︷︷ ︸
k
(n 0, k  0).
(i) If n k, then
γ jw = A · · ·
j
C∗
· · ·
· · ·
2
b
1
ab︸ ︷︷ ︸
n+1
b∗a∗ · · · · · ·B∗︸ ︷︷ ︸
k+1
(1 j  n) and

{
j > 0
∣∣ l(γ jw)= n + k + 2}= n,
where A,B,C ∈ {a, b}.
(ii) If n k, then
γ jw = A · · · · · ·ab︸ ︷︷ ︸
n+1
b∗
1
a∗
2
b∗
· · ·
· · ·
j
C · · ·B∗︸ ︷︷ ︸
k+1
(1 j  k) and

{
j > 0
∣∣ l(γ jw)= n + k + 2}= k.
Proof. (i)
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n−1
a∗bb∗ a∗b∗ · · · · · ·B∗︸ ︷︷ ︸
k
(
by γ a = a∗bb∗)
= A · · · · · ·ba∗b︸ ︷︷ ︸
n+1
b∗a∗ · · · · · ·B∗︸ ︷︷ ︸
k+1
,
γ 2w = A · · · · · ·b∗ab︸ ︷︷ ︸
n+1
b∗a∗ · · · · · ·B∗︸ ︷︷ ︸
k+1
,
...
γ jw = A · · ·
j
C∗
· · ·
· · ·
2
b
1
ab︸ ︷︷ ︸
n+1
b∗a∗ · · · · · ·B∗︸ ︷︷ ︸
k+1
(1 j  n),
(ii) is similarly proved. 
Lemma 2.8. Let
w = a∗ · · · · · ·A∗︸ ︷︷ ︸
n
B · · · · · ·Y︸ ︷︷ ︸
k
(n k) (A = B) or
w = Y ∗ · · · · · ·A∗︸ ︷︷ ︸
n
B · · · · · ·a︸ ︷︷ ︸
k
(n k),
where Y ∈ {a, b}.
(i) If n k, then
γ jw = b b∗
1
a∗
2
b∗
· · ·
· · ·
j
C · · ·A∗︸ ︷︷ ︸
n+1
B · · · · · ·Y︸ ︷︷ ︸
k
(1 j  n) and

{
j > 0
∣∣ l(γ jw)= n + k + 2}= n.
(ii) If n k, then
γ jw = Y ∗ · · · · · ·A∗︸ ︷︷ ︸
n
B · · ·
j
C∗
· · ·
· · ·
2
b
1
ab︸ ︷︷ ︸
k+1
b∗ (1 j  k) and

{
j > 0
∣∣ l(γ jw)= n + k + 2}= k.
Proof. They are easily proved similarly to Lemma 2.7. From the above, we have the following lemma.
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the length l(γ pw)(p  0) increases as follows:
(i) If n k, then n + k ⇒ 1, and{
n + k + 2i (1 i  n − k + 1) ⇒ n,
3n − k + 2 + 4i, 3n − k + 4i (i  1) ⇒ n + i.
(ii) If n k, then n + k ⇒ 1, and{
n + k + 2i (1 i  k − n + 1) ⇒ k,
3k − n + 2 + 4i, 3k − n + 4i (i  1) ⇒ k + i.
Proof. (i) For w = · · ·ABA︸ ︷︷ ︸
n
A∗B∗A∗ · · ·︸ ︷︷ ︸
k
(n k), by using Lemma 2.7(i),
γ jw = · · ·
j
C∗
· · ·
· · ·
2
B
1
AB︸ ︷︷ ︸
n+1
B∗A∗B∗ · · ·︸ ︷︷ ︸
k+1
(1 j  n),
which means {j > 0 | l(γ jw) = n+k+2} = n. By iterating the same procedure n−k+1
times,
γ n(n−k+1)w = X∗Y ∗ · · ·︸ ︷︷ ︸
n−k+1
· · ·BA︸ ︷︷ ︸
n
A∗B∗ · · ·︸ ︷︷ ︸
n+1
.
Further by using Lemma 2.7(ii), we obtain the result. The proof of the case of w =
[X∗,A∗](n)[B,Y ](k) is similar, and (ii) is similarly proved by using Lemma 2.8. 
3. The Poincaré series of W˜ of type A(1,1)1
In all cases of M ′ and M ′ · a in Section 2, we examine the length of γ pw(p  0).
(3.1) RkT n = (a∗a)k(ab)n = (a∗a)k−1a∗b(ab)n−1 (k  1, n 1).
By Lemma 2.5, for 0  j  12 (k − 1)k, the length of γ jRkT n is 2n + 2k − 2, and its
number is 12 (k − 1)k + 1, here γ
1
2 (k−1)kRkT n = [b,X](k − 1)[X∗, a∗](k)[b, b](2n − 1),
which leads the following result:
(i) If k  2n, then by noting the part [b,X](k − 1)[X∗, a∗](k), and using Lemmas 2.7,
2.9, we have 2n + 2k − 2 + 4i, 2n + 2k − 4 + 4i (i  1) ⇒ k − 1 + i.
(ii) If k  2n − 1, then by noting the part [X∗, a∗](k)[b, b](2n − 1), we have{
2n + 2k − 2 + 2i (1 i  2n − k) ⇒ 2n − 1,
6n − 2 + 4i, 6n − 4 + 4i (i  1) ⇒ 2n − 1 + i.
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Similarly to the previous case, 2n + 2k − 1 ⇒ 12 (k − 1)k + 1, and γ
1
2 (k−1)kRkT na =
[b,X](k − 1)[X∗, a∗](k)[b, a](2n).
(i) If k  2n + 1, then 2n + 2k − 1 + 4i, 2n + 2k − 3 + 4i ⇒ k − 1 + i.
(ii) If 1 k  2n, then{
2n + 2k − 1 + 2i (1 i  2n − k + 1) ⇒ 2n,
6n + 1 + 4i, 6n − 1 + 4i ⇒ 2n + i.
(3.3) R−kT −n = (aa∗)k(ba)n = a(a∗a)k−1a∗(ba)n.
Similarly, 2n + 2k ⇒ 12 (k − 1)k + 1, and γ
1
2 (k−1)kR−kT −n = [a,X](k)[X∗, a∗](k)×
[b, a](2n).
(i) If k  2n, then {
2n + 2k + 2 ⇒ k,
2n + 2k + 2 + 4i, 2n + 2k + 4i ⇒ k + i.
(ii) If 1 k  2n − 1, then{
2n + 2k + 2i (1 i  2n − k + 1) ⇒ 2n,
6n + 2 + 4i, 6n + 4i ⇒ 2n + i.
(3.4) R−kT −na = a(a∗a)k−1a∗(ba)n−1b.
Similarly, 2n+2k−1 ⇒ 12 (k−1)k+1, and γ
1
2 (k−1)kR−kT −na = [a,X](k)[X∗, a∗]×
(k)[b, b](2n − 1).
(i) If k  2n − 1, then{
2n + 2k + 1 ⇒ k,
2n + 2k + 1 + 4i, 2n + 2k − 1 + 4i ⇒ k + i.
(ii) If 1 k  2n − 2, then{
2n + 2k − 1 + 2i (1 i  2n − k) ⇒ 2n − 1,
6n − 1 + 4i, 6n − 3 + 4i ⇒ 2n − 1 + i.
For (3.5) ∼ (3.8), we prepare the following lemma.
Lemma 3.1. (I) (ab)n(a∗a)k (n 1, k  1).(i) If k  2n, then
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2k + 2n + 2 − 2i (1 i  2n) ⇒ i,
2k − 2n ⇒ 12k(k + 1) − 2n2 − n + 1, and{
2k − 2n + 2i (1 i  2n + 1) ⇒ k,
2k + 2n + 2 + 4i, 2k + 2n + 4i ⇒ k + i.
(ii) If k < 2n, then {
2k + 2n + 2 − 2i (1 i  k) ⇒ i,
2n ⇒ 2nk − k2 + 1,
and
(a) if n k < 2n, then{
2n + 2i (1 i  2k − 2n + 1) ⇒ k,
4k − 2n + 2 + 4i, 4k − 2n + 4i ⇒ k + i,
(b) if k  n − 1, then{
2n + 2i (1 i  2n − 2k + 1) ⇒ 2n − k,
6n − 4k + 2 + 4i, 6n − 4k + 4i ⇒ 2n − k + i.
(II) (ab)n(a∗a)ka∗ (n 1, k  0).
(i) If k  2n, then {
2k + 2n + 3 − 2i (1 i  2n) ⇒ i,
2k − 2n + 1 ⇒ 12k(k + 1) − 2n2 − n + 1, and{
2k − 2n + 1 + 2i (1 i  2n + 2) ⇒ k + 1,
2k + 2n + 5 + 4i, 2k + 2n + 3 + 4i ⇒ k + 1 + i.
(ii) If k < 2n, then {
2k + 2n + 3 − 2i (1 i  k) ⇒ i,
2n + 1 ⇒ 2nk − k2 − k + 2n + 1,
and
(a) if n k < 2n, then{
2n + 1 + 2i (1 i  2k − 2n + 2) ⇒ k + 1,
4k − 2n + 5 + 4i, 4k − 2n + 3 + 4i ⇒ k + 1 + i,
(b) if k  n − 1, then{
2n + 1 + 2i (1 i  2n − 2k) ⇒ 2n − k,
6n − 4k + 1 + 4i, 6n − 4k − 1 + 4i ⇒ 2n − k + i.
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(i) If k  2n − 1, then{
2k + 2n + 1 − 2i (1 i  2n − 1) ⇒ i,
2k − 2n + 1 ⇒ 12k(k + 1) − 2n2 + n + 1, and{
2k − 2n + 1 + 2i (1 i  2n) ⇒ k,
2k + 2n + 1 + 4i, 2k + 2n − 1 + 4i ⇒ k + i.
(ii) If k < 2n − 1, then {
2k + 2n + 1 − 2i (1 i  k) ⇒ i,
2n − 1 ⇒ 2nk − k2 − k + 1,
and
(a) if n k < 2n − 1, then{
2n − 1 + 2i (1 i  2k − 2n + 2) ⇒ k,
4k − 2n + 3 + 4i, 4k − 2n + 1 + 4i ⇒ k + i,
(b) if k  n − 1, then{
2n − 1 + 2i (1 i  2n − 2k) ⇒ 2n − k − 1,
6n − 4k − 1 + 4i, 6n − 4k − 3 + 4i ⇒ 2n − k − 1 + i.
(IV) b(ab)n−1(a∗a)ka∗ (n 1, k  0).
(i) If k  2n − 1, then{
2k + 2n + 2 − 2i (1 i  2n − 1) ⇒ i,
2k − 2n + 2 ⇒ 12k(k + 1) − 2n2 + n + 1, and{
2k − 2n + 2 + 2i (1 i  2n + 1) ⇒ k + 1,
2k + 2n + 4 + 4i, 2k + 2n + 2 + 4i ⇒ k + 1 + i.
(ii) If k < 2n − 1, then {
2k + 2n + 2 − 2i (1 i  k) ⇒ i,
2n ⇒ 2nk + 2n − k2 − 2k,
and
(a) if n − 1 k < 2n − 1, then{
2n + 2i (1 i  2k − 2n + 3) ⇒ k + 1,
4k − 2n + 6 + 4i, 4k − 2n + 4 + 4i ⇒ k + 1 + i,
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2n + 2i (1 i  2n − 2k − 1) ⇒ 2n − k − 1,
6n − 4k − 2 + 4i,6n − 4k − 4 + 4i ⇒ 2n − k − 1 + i.
Proof. (I) By Lemma 2.5,
γ
1
2 i(i+1)(ab)n(a∗a)k =
{
(ab)n−lab∗
(
a∗b∗
)l−1(
a∗a
)k−(2l−1)
, i = 2l − 1,
(ab)n−l
(
a∗b∗
)l(
a∗a
)k−2l
, i = 2l.
(3.1.1)
(i) If k  2n, then by Lemma 2.6 (including the case of p = 0), 2k + 2n + 2 − 2i (1
i  2n) ⇒ i. When i = 2n in (3.1.1), r.h.s. = (a∗b∗)n(a∗a)k−2n, and by Lemma 2.5,
γ
1
2 (k−2n)(k−2n+1)(a∗b∗)n(a∗a)k−2n = [a∗, b∗](2n)[b,X](k − 2n)[X∗, b∗](k − 2n) (X =
a, b) and by Lemma 2.2,
γ 2n(k−2n)
[
a∗, b∗
]
(2n)[b,X](k − 2n)[X∗, b∗](k − 2n)
= [b,X](k − 2n)[X∗, Y ∗](2n)[X∗, b∗](k − 2n)
= [b,X](k − 2n)[X∗, b∗](k) (Y = a, b, X = Y),
hence 2k − 2n ⇒ 12 (k − 2n)(k − 2n + 1) + 2n(k − 2n) + 1 = 12k(k + 1) − 2n2 − n + 1,
and by Lemma 2.9, {
2k − 2n + 2i (1 i  2n + 1) ⇒ k,
2k + 2n + 2 + 4i, 2k + 2n + 4i ⇒ k + i.
(ii) If k < 2n, then by Lemma 2.6, 2k + 2n + 2 − 2i (1  i  k) ⇒ i. When
i = k in (3.1.1), r.h.s. = [a,X](2n − k)[Y ∗, b∗](k) (X = Y) and by Lemma 2.3,
γ (2n−k)k[a,X](2n − k)[Y ∗, b∗](k) = [Z∗,W ∗](k)[S,T ](2n − k) (Z,W,S,T = a, b,
W = S), hence 2n ⇒ (2n − k)k + 1 = 2nk − k2 + 1, and by Lemma 2.9,
(a) if n k, then {
2n + 2i (1 i  2k − 2n + 1) ⇒ k,
4k − 2n + 2 + 4i, 4k − 2n + 4i,⇒ k + i,
(b) if k  n − 1, then {
2n + 2i (1 i  2n − 2k + 1) ⇒ 2n − k,
6n − 4k + 2 + 4i, 6n − 4k + 4i ⇒ 2n − k + i,
therefore, we have (I), and (II)–(IV) are similarly proved. 
In the following (3.5) ∼ (3.8), we use Lemma 3.1.
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(3.6) T nRka = (ab)n(a∗a)k−1a∗ (n  1, k  1), which is Lemma 3.1(II) with n  1,
k  0.
(3.7) T −nR−k = b(ab)n−1(a∗a)k−1a∗ (n  1, k  1), which is Lemma 3.1(IV) with
n 1, k  0.
(3.8) T −nR−ka = b(ab)n−1(a∗a)k (n 1, k  1), which is Lemma 3.1(III).
(3.9) R−kT n = (aa∗)k(ab)n.
By Lemma 2.4, γ 2nkR−kT n = (ab)n(aa∗)k = (ab)na(a∗a)k−1a∗, γ 12 (k−1)k(ab)na ×
(a∗a)k−1a∗ = [a,X](2n + k)[X∗, a∗](k), hence 2n + 2k ⇒ 2nk + 12 (k − 1)k + 1, and{
2n + 2k + 2i (1 i  2n + 1) ⇒ 2n + k,
6n + 2k + 2 + 4i, 6n + 2k + 4i ⇒ 2n + k + i.
(3.10) RkT −n = (a∗a)k(ba)n.
By Lemma 2.4, γ 2nkRkT −n = (ba)n(a∗a)k, γ 12 k(k+1)(ba)n(a∗a)k = [b,X](2n + k)×
[X∗, b∗](k), hence 2n + 2k ⇒ 2nk + 12k(k + 1) + 1, and{
2n + 2k + 2i (1 i  2n + 1) ⇒ 2n + k,
6n + 2k + 2 + 4i, 6n + 2k + 4i ⇒ 2n + k + i.
(3.11) R−kT na = (aa∗)k(ab)na.
γ 2nkR−kT na = (ab)n(aa∗)ka = (ab)na(a∗a)k, γ 12 k(k+1)(ab)na(a∗a)k = [a,X](2n +
k + 1)[X∗, b∗](k), hence 2n + 2k + 1 ⇒ 2nk + 12k(k + 1) + 1, and{
2n + 2k + 1 + 2i (1 i  2n + 2) ⇒ 2n + k + 1,
6n + 2k + 5 + 4i, 6n + 2k + 3 + 4i ⇒ 2n + k + 1 + i.
(3.12) RkT −na = (a∗a)k(ba)na = (a∗a)k(ba)n−1b.
γ 2(n−1)kRkT −na = (ba)n−1(a∗a)kb, γ k(ba)n−1(a∗a)kb = (ba)n−1b(b∗b)k , and
γ
1
2 k(k+1)(ba)n−1b(b∗b)k = [b,X](2n+k−1)[X∗, a∗](k), hence 2n+2k−1 ⇒ 2(n−1)×
k + k + 12k(k + 1) + 1 = 2nk + 12k(k − 1) + 1, and{
2n + 2k − 1 + 2i (1 i  2n) ⇒ 2n + k − 1,
6n + 2k − 1 + 4i, 6n + 2k − 3 + 4i ⇒ 2n + k − 1 + i.
(3.13) T nR−k = (ab)n(aa∗)k = (ab)na(a∗a)k−1a∗.
γ
1
2 (k−1)kT nR−k = [a,X](2n + k)[X∗, a∗](k), hence 2n + 2k ⇒ 12 (k − 1)k + 1, and{
2n + 2k + 2i (1 i  2n + 1) ⇒ 2n + k,
6n + 2k + 2 + 4i, 6n + 2k + 4i ⇒ 2n + k + i.
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γ
1
2 k(k+1)T −nRk = [b,X](2n + k)[X∗, b∗](k), hence 2n + 2k ⇒ 12k(k + 1) + 1, and{
2n + 2k + 2i (1 i  2n + 1) ⇒ 2n + k,
6n + 2k + 2 + 4i, 6n + 2k + 4i ⇒ 2n + k + i.
(3.15) T nR−ka = (ab)n(aa∗)ka = (ab)na(a∗a)k.
γ
1
2 k(k+1)T nR−ka = [a,X](2n+k+1)[X∗, b∗](k), hence 2n+2k+1 ⇒ 12k(k+1)+1,
and {
2n + 2k + 1 + 2i (1 i  2n + 2) ⇒ 2n + k + 1,
6n + 2k + 5 + 4i, 6n + 2k + 3 + 4i ⇒ 2n + k + 1 + i.
(3.16) T −nRka = (ba)n(a∗a)ka = (ba)n(a∗a)k−1a∗.
γ
1
2 (k−1)kT −nRka = [b,X](2n+k−1)[X∗, a∗](k), hence 2n+2k−1 ⇒ 12 (k−1)k+1,
and {
2n + 2k − 1 + 2i (1 i  2n) ⇒ 2n + k − 1,
6n + 2k − 1 + 4i, 6n + 2k − 3 + 4i ⇒ 2n + k − 1 + i.
(3.17) T n = (ab)n,2n ⇒ 1, and{
2n + 2i (1 i  2n + 1) ⇒ 2n,
6n + 2 + 4i, 6n + 4i ⇒ 2n + i.
(3.18) T −n, this is the same as T n.
(3.19) Rn = (a∗a)n, γ 12 n(n+1)Rn = [b,X](n)[X∗, b∗](n), hence 2n ⇒ 12n(n + 1) + 1,{
2n + 2 ⇒ n,
2n + 2 + 4i, 2n + 4i ⇒ n + i.
(3.20) R−n = a(a∗a)n−1a∗, γ 12 (n−1)nR−n = [a,X](n)[X∗, a∗](n), hence 2n ⇒
1
2 (n − 1)n + 1, {
2n + 2 ⇒ n,
2n + 2 + 4i, 2n + 4i ⇒ n + i.
(3.21) id, then {
0 ⇒ 1,
4i, 4i + 2 ⇒ i.(3.22) T na = (ab)na, this case is obtained by replacing 2n with 2n + 1 in (3.17).
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(3.24) Rna = (a∗a)n−1a∗, γ 12 (n−1)nRna = [b,X](n − 1)[X∗, a∗](n), hence{
2n − 1 ⇒ 12 (n − 1)n + 1,
2n − 1 + 4i, 2n − 3 + 4i ⇒ n − 1 + i.
(3.25) R−na = a(a∗a)n, γ 12 n(n+1)R−na = [a,X](n + 1)[X∗, b∗](n), hence{
2n + 1 ⇒ 12n(n + 1) + 1,
2n + 1 + 4i, 2n − 1 + 4i ⇒ n + i.
(3.26) a, then {
1 ⇒ 1,
1 + 4i, −1 + 4i ⇒ i.
Next we examine the elements of M ′′ and M ′′ ·a. Noting that T n = (ab)n,Rn = (a∗a)n,
l
(
T nRk
)= 2n + 2k, l(T nR−k)= 2n + 2k, l(T −nRk)= 2n + 2k,
l
(
T −nR−k
)= 2n + 2k − 2, l(T n)= l(T −n)= l(Rn)= l(R−n)= 2n, l(id) = 0,
l
(
T nRka
)= 2n + 2k − 1, (T nR−ka)= 2n + 2k + 1,
l
(
T −nRka
)= 2n + 2k − 1, l(T −nR−ka)= 2n + 2k − 1, l(T na)= 2n + 1,
l
(
T −na
)= 2n − 1, l(Rna)= 2n − 1, l(R−na)= 2n + 1, l(a) = 1.
From the above arguments, we calculate each part sum of the Poincaré series by using
Mathematica.
(3.1) RkTn
∞∑
n=1
∞∑
k=1
(
1
2
(k − 1)k + 1
)
q2n+2k−2 +
∞∑
n=1
∞∑
k=2n
∞∑
i=1
(k − 1 + i)q2n+2k+4i(q−2 + q−4)
+
∞∑
n=1
2n−1∑
k=1
{2n−k∑
i=1
(2n − 1)q2n+2k−2+2i +
∞∑
i=1
(2n − 1 + i)q6n+4i(q−2 + q−4)}
= q
2(1 + 3q2 + 9q4 + 13q6 + 16q8 + 14q10 + 7q12 + 2q14)
.
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)2(1 + q + q2)2
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∞∑
n=1
∞∑
k=1
(
1
2
(k − 1)k + 1
)
q2n+2k−1 +
∞∑
n=1
∞∑
k=2n+1
∞∑
i=1
(k − 1 + i)q2n+2k+4i(q−1 + q−3)
+
∞∑
n=1
2n∑
k=1
{2n−k+1∑
i=1
2nq2n+2k−1+2i +
∞∑
i=1
(2n + i)q6n+4i(q + q−1)}
= q
3(1 + 4q2 + 9q4 + 16q6 + 15q8 + 12q10 + 6q12 + 2q14)
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)2(1 + q + q2)2 .
(3.3) R−kT−n
∞∑
n=1
∞∑
k=1
(
1
2
(k − 1)k + 1
)
q2n+2k +
∞∑
n=1
∞∑
k=2n
{
kq2n+2k+2 +
∞∑
i=1
(k + i)q2n+2k+4i(q2 + 1)}
+
∞∑
n=1
2n−1∑
k=1
{2n−k+1∑
i=1
2nq2n+2k+2i +
∞∑
i=1
(2n + i)q6n+4i(q2 + 1)}
= q
4(1 + 4q2 + 9q4 + 16q6 + 16q8 + 12q10 + 6q12 + q14)
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)2(1 + q + q2)2 .
(3.4) R−kT−na
∞∑
n=1
∞∑
k=1
(
1
2
(k − 1)k + 1
)
q2n+2k−1 +
∞∑
n=1
∞∑
k=2n−1
{
kq2n+2k+1
+
∞∑
i=1
(k + i)q2n+2k+4i(q + q−1)}
+
∞∑
n=1
2n−2∑
k=1
{2n−k∑
i=1
(2n − 1)q2n+2k−1+2i +
∞∑
i=1
(2n − 1 + i)q6n+4i(q−1 + q−3)}
= q
3(1 + 3q2 + 9q4 + 14q6 + 16q8 + 14q10 + 6q12 + 2q14)
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)2(1 + q + q2)2 .
(3.5) TnRk
∞∑
n=1
∞∑
k=2n
{ 2n∑
i=1
iq2k+2n+2−2i +
(
1
2
k(k + 1) − 2n2 − n + 1
)
q2k−2n +
2n+1∑
i=1
kq2k−2n+2i
+
∞∑
(k + i)q2k+2n+4i(q2 + 1)}
i=1
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∞∑
n=1
2n−1∑
k=1
{
k∑
i=1
iq2k+2n+2−2i + (2nk − k2 + 1)q2n}
+
∞∑
n=1
2n−1∑
k=n
{ 2k−2n+1∑
i=1
kq2n+2i +
∞∑
i=1
(k + i)q4k−2n+4i(q2 + 1)}
+
∞∑
n=1
n−1∑
k=1
{ 2n−2k+1∑
i=1
(2n − k)q2n+2i +
∞∑
i=1
(2n − k + i)q6n−4k+4i(q2 + 1)}
= q
2(3 + 18q2 + 39q4 + 44q6 + 31q8 + 11q10 + q12)
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)(1 + q + q2) .
(3.6) TnRka
∞∑
n=1
∞∑
k=2n
{ 2n∑
i=1
iq2k+2n+3−2i +
(
1
2
k(k + 1) − 2n2 − n + 1
)
q2k−2n+1
+
2n+2∑
i=1
(k + 1)q2k−2n+1+2i +
∞∑
i=1
(k + 1 + i)q2k+2n+4i(q5 + q3)}
+
∞∑
n=1
2n−1∑
k=0
{
k∑
i=1
iq2k+2n+3−2i + (2nk − k2 − k + 2n + 1)q2n+1}
+
∞∑
n=1
2n−1∑
k=n
{ 2k−2n+2∑
i=1
(k + 1)q2n+1+2i +
∞∑
i=1
(k + 1 + i)q4k−2n+4i(q5 + q3)}
+
∞∑
n=1
n−1∑
k=0
{2n−2k∑
i=1
(2n − k)q2n+1+2i +
∞∑
i=1
(2n − k + i)q6n−4k+4i(q + q−1)}
= q
3(7 + 25q2 + 42q4 + 43q6 + 23q8 + 7q10)
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)(1 + q + q2) .
(3.7) T−nR−k
∞∑
n=1
∞∑
k=2n−1
{ 2n−1∑
i=1
iq2k+2n+2−2i +
(
1
2
k(k + 1) − 2n2 + n + 1
)
q2k−2n+2
+
2n+1∑
i=1
(k + 1)q2k−2n+2+2i +
∞∑
i=1
(k + 1 + i)q2k+2n+4i(q4 + q2)}
+
∞∑ 2n−2∑{ k∑
iq2k+2n+2−2i + (2nk + 2n − k2 − 2k)q2n}
n=1 k=0 i=1
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∞∑
n=1
2n−2∑
k=n−1
{2k−2n+3∑
i=1
(k + 1)q2n+2i +
∞∑
i=1
(k + 1 + i)q4k−2n+4i(q6 + q4)}
+
∞∑
n=1
n−2∑
k=0
{ 2n−2k−1∑
i=1
(2n − k − 1)q2n+2i
+
∞∑
i=1
(2n − k − 1 + i)q6n−4k+4i(q−2 + q−4)}
= q
3(3 + 15q2 + 36q4 + 44q6 + 34q8 + 14q10 + q12)
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)(1 + q + q2) .
(3.8) T−nR−ka
∞∑
n=1
∞∑
k=2n−1
{ 2n−1∑
i=1
iq2k+2n+1−2i +
(
1
2
k(k + 1) − 2n2 + n + 1
)
q2k−2n+1
+
2n∑
i=1
kq2k−2n+1+2i +
∞∑
i=1
(k + i)q2k+2n+4i(q + q−1)}
+
∞∑
n=1
2n−2∑
k=1
{
k∑
i=1
iq2k+2n+1−2i + (2nk − k2 − k + 1)q2n−1}
+
∞∑
n=1
2n−2∑
k=n
{2k−2n+2∑
i=1
kq2n−1+2i +
∞∑
i=1
(k + i)q4k−2n+4i(q3 + q)}
+
∞∑
n=1
n−1∑
k=1
{2n−2k∑
i=1
(2n − k − 1)q2n−1+2i
+
∞∑
i=1
(2n − k − 1 + i)q6n−4k+4i(q−1 + q−3)}
= q(1 + 10q
2 + 29q4 + 44q6 + 40q8 + 19q10 + 4q12)
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)(1 + q + q2) .
R−kTn + RkT−n + TnR−k + T−nRk
∞∑
k=1
∞∑
n=1
[
4kn + 2k2 + 4 +
2n+1∑
i=1
4(k + 2n)q2i +
∞∑
i=1
4(k + 2n + i)(q2 + 1)q4n+4i
]
q2k+2n
2q4(5 + 13q2 + 18q4 + 15q6 + 9q8 + 2q10)=
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)(1 + q + q2) .
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∞∑
k=1
∞∑
n=1
[
(2kn + k(k + 1) + 2)q + (2kn + k(k − 1) + 2)q−1 +
2n+2∑
i=1
2(k + 2n + 1)q1+2i
+
2n∑
i=1
2(k + 2n − 1)q−1+2i +
∞∑
i=1
2
{
(k + 2n + 1 + i)(q5 + q3)
+ (k + 2n − 1 + i)(q−1 + q−3)}q4n+4i]q2k+2n
= 2q
3(2 + 6q2 + 10q4 + 9q6 + 3q8 + q10)
(1 − q)4(1 + q)4(1 − q + q2)(1 + q + q2) .
(Tn + T−n + Rn + R−n + id) × 2
2
[ ∞∑
n=1
{
n2 + 4 + 2nq2 +
2n+1∑
i=1
4nq2i +
∞∑
i=1
2(q2 + 1)((2n + i)q4n + n + i)q4i}q2n
+
∞∑
i=1
i
(
q2 + 1)q4i + 1]
= 2(1 + 2q
2 + 3q4 + q6)(1 + 2q2 + 2q4 + 3q6)
(1 − q)3(1 + q)3(1 + q2)(1 − q + q2)(1 + q + q2) .
(Tn + T−n + Rn + R−n + id)a × 2
2
[ ∞∑
n=1
{(
1
2
n(n + 1) + 2
)
q +
(
1
2
n(n − 1) + 2
)
q−1 +
2n∑
i=1
(2n − 1)q−1+2i
+
2n+2∑
i=1
(2n + 1)q1+2i +
∞∑
i=1
{
(n + i)q1+4i + (2n − 1 + 2i)q−1+4i
+ (n − 1 + i)q−3+4i + (2n − 1 + i)(q−1 + q−3)q4n+4i + (2n + 1 + i)
× (q5 + q3)q4n+4i}q2n + ∞∑
i=1
i
(
q + q−1)q4i + q]
2q(3 + 6q2 + 11q4 + 16q6 + 12q8 + 7q10 + q12)=
(1 − q)3(1 + q)3(1 + q2)(1 − q + q2)(1 + q + q2) .
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∞∑
k=1
∞∑
n=1
(
3 + q−2)q2n+2k + ∞∑
n=1
4q2n + 1 = 1 + 3q
2
(1 − q)2(1 + q)2 .
(TnRk + T−nRk + TnR−k + T−nR−k + Tn + T−n + Rn + R−n + id)a
∞∑
k=1
∞∑
n=1
(
3q−1 + q)q2n+2k + ∞∑
n=1
2
(
q + q−1)q2n + q = q(3 + q2)
(1 − q)2(1 + q)2 .
From the above and the definition in Section 2, we obtain
∑
w∈M
ql(w) = 1 + 11q
2 + 68q4 + 191q6 + 318q8 + 362q10 + 269q12 + 131q14 + 32q16 + q18
(1 − q)4(1 + q)4(1 + q2)(1 − q + q2)2(1 + q + q2)2 ,
∑
w∈M·a
ql(w) = q(4 + 28q
2 + 92q4 + 167q6 + 192q8 + 138q10 + 61q12 + 10q14)
(1 − q)4(1 + q)4(1 − q + q2)2(1 + q + q2)2 .
From these, we obtain the following
Theorem 3.2. The Poincaré series of W˜ of type A(1,1)1 with the generators wi,w∗i
(i = 0,1) is given by
∑
w∈W˜
ql(w) = 1 + 3q + 8q
2 + 22q3 + 38q4 + 60q5 + 70q6 + 65q7 + 46q8 + 23q9 + 9q10 + q11
(1 − q)4(1 + q)(1 + q2)(1 + q + q2)2 .
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